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For each fixed p, the random directed graph D(n, p) on n vertices with (directed) edge 
probability p possesses a kernel with probability tending to 1 as n + a. 
Pour chaque p fixe, le graphe alCatoire D(n, p) a n sommets et probabilitts des arcs Cgales B 
p posstde un noyau avec une probabilit6 tendant vers 1 quand n+o3. 
1. Introduction 
Let D denote a directed graph with vertex set V(D). A subset U E V(D) is said 
to be a kernel of D iff U is a stable set and U is absorbing i.e. every vertex 
x E V(D) - U sends at least one edge to U. 
Some partial characterisations of graphs which possess kernels are known: 
see in particular Duchet [l], Galeana-Sanchez and Neumann-Lara [2]. We are 
interested here in the existence of kernels in random graphs. Let D(n, p) denote 
the random directed graph on n vertices where each directed edge is present with 
probability p. Hence, for any two vertices x and y, both edges going from x to y 
and from y to x may be present. It happens that “almost all” these graphs possess 
kernels. 
Theorem. Let p be fixed, 0 <p s 1. The probability that the random directed 
graph D(n, p) possesses a kernal tends to 1 as n -+ m. 
The proof is given in Section 2. One may ask what happens if the edge 
probability decreases when n + m. One can prove that if p = cn-’ where c is a 
constant then D(n, p) need not possess a kernel. D(n, p) will in fact contain 
then, with positive probability, small isolated circuits without kernels. It seems 
likely that, if p = en-l and c+ m, then D(n, p) almost surely contains a kernel. 
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2. Proof of the theorem 
The cases p = 0 and p = 1 are trivial. We shall suppose therefore 0 <p < 1. Let 
q = 1 -p. The probability that a given set YE V(D) with IYI = m is a stable set is 
equal to q m(m-l). The probability that a given vertex x E V(D) - Y is absorbed 
by Y is equal to 1 - qm. Hence the probability that Y is a kernel is equal to 
4 +4(1_ ,m)“-m_ 
Denoting by N, the number of kernels of D of size m we have 
EN,,, = [;)qmcm+)( 1 - q,),-“‘. 
We shall choose m + m such that the conditions 
nq 2m = o(l) and mq”’ = o(l) 
will be fulfilled. Then we have 
-_ 
Setting LY = nq”lm we get 
. 
me 1-m m 
ENm v&ii q . -_ - [ 1 
Let us fix 
m = [log llqn - log 11~ 1%1,94' 
It is easy to check conditions (1) for this choice of m. Furthermore we have 
4m< 41 + o(l)) 
n 
.qms 
n ’ 
This implies 
q c Lx s 1+ o(l), 
and 
me l--n 
-ae'-9. 
4 
This gives with (2) 
(l-_qY~og(l~9) 
ENm2Qi&$i log:,,n ’ [ 1 
(1) 
(2) 
Clearly, EN,,, tends to infinity with n. 
Now we turn to the evaluation of the variance of the random variable N,. Let 
Yr, Y2 c V(D) with IYrl = lY21 = m and lYI fl Y21 = i where 0 <i <rn - 1. We shall 
require the probability, denoted by r(i), that both YI and Y, are kernels of D. 
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Hence in particular r(O) = P[Yr is a kernel of D12. We have 
r(i) = PIYI, Yz stable] * P[Yr , Y, absorbing 1 YI, Y, stable]. 
The first factor is equal to q 2m(m-1)--i(i-1). The second factor is equal to the 
product Pn-2m+i. y2m-i where p denotes the probability that a vertex x E V(D) - 
(Y, U Y2) is absorbed by both YI and Y2 and Y denotes the probability that a vertex 
y E k; - q, (i, j) = (1, 2) or (2, l), is absorbed by I$. Clearly 
Y=l-qm-Lsl-qm, 
and 
p = P[ YI tl Y, absorbs x] 
+ (1 - P[Y, f~ Y2 absorbs x])P[Y, - Y2 and Y2 - YI absorb X] 
= I_ qi + qi(l _ qm-‘)2 = 1 _ 2qm + qb-i 
c (1 - q”)“(l- q2”_‘(1+ 3q”)), 
for sufficiently large n, using the fact that qm+O. Collecting the obtained upper 
bounds we get 
r(i) C q h(m-l)-i(i-l)[l _ qm]2r-2m+i[l + q2m-i(1 + 3qm)]n-2m+i, 
which gives 
r(i) < [I + q2"-i(l + 3q”)]” 
r(O). 4 
i(i-1) 
Let us write N for N,,, where m is given by (2). We shall prove next that 
E(N(N - 1)) - (EN)2. This, together with the fact that EN-a, implies our 
theorem by Tchebicheff’s inequality. We have 
m-1 
S 1 + C h(i) 
i=l 
where 
h(.) = c>(“,--7r(~) c?ci-7) [l + q2*-‘(1 - 3q")]" 
1 =s 
0 n 40) n m ( > 4 
i(i-1) 
m 
We shall make use of the following bounds for the binomial coefficients: 
(;)s(y)v, 
and 
(3) 
(4) 
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where c is an absolute constant. Since 
(n) (m:ir-I:+? = 
( > 
9 m m 
i
we get 
with c’ = 2~~‘. Setting j = m - i, we get 
(“li) = i’:‘:; m’~c,m~(wl)m(~y. 
(6) 
m m 
Let E denote an arbitrarily small positive constant. We suppose firstly i 6 i. = 
m - I(1 + &Hog lfq log i,,nl . Then, using IX = nm-‘q”, we get 
(7) qi 2 qy1og 1,4n)1+E 2 
CYm2+&(1 -o(l)) 
, n 
and 
(Y 
q 2m--l s - nmE’ 
This implies 
(1+ q%-i(1+ 3q”))” = 1+ o(1). 
This gives, using (4) and (5), 
h(i) c c’it ( > 2!+ i(l + o(1)) s c’(--$& + o(l)), niq’-’ 
which clearly implies 
i=io 
lz h(i) 6 s = o(1). (8) 
It remains now to consider the case i > io, i.e. 1 =G j ~j,,= [(l + 
s)log l,q log i,,nl - 1. Here we shall use (6) with q’-’ 3 mn-‘, q2m--i = q”‘+j = 
cnnn-‘q’, obtaining 
h(i) s crm’(~)m(~~(X)m-‘e.p~mn4j(1 + 3q”)) 
me ‘j Sc’mf - ( > i exp{m(aqi(l + 3q”) - 1)). 
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This implies 
h(i) S exp{m(q - 1)/2} 
for sufficiently large n, and 
;I h(i) Cm exp{m(q - 1)/2} = o(l). 
(3), (8) and (9) imply E(N(iV - 1) - (EN)2 and the proof is finished. 0 
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